UNIFORM RECTIFIABILITY AND HARMONIC MEASURE H: 
POISSON KERNELS IN L'' IMPLY UNIFORM RECTIFIABILITY 

STEVE HOFMANN, JOSE MARIA MARTELL, AND IGNACIO URIARTE-TUERO 

Abstract. We present the converse to a higher dimensional, scale-invariant ver- 
sion of a classical theorem of F. and M. Riesz [RR]. More precisely, for n > 2, for 
an ADR domain Q. c R"*' which satisfies the Harnack Chain condition plus an 
interior (but not exterior) Corkscrew condition, we show that absolute continuity 
of harmonic measure with respect to surface measure on dSl, with scale invari- 
ant higher integrability of the Poisson kernel, is sufficient to imply uniformly 
rectifiable of dSl. 
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1. Introduction 

This paper is a sequel to the work of the first two named authors [HM], in which 
we have presented a higher dimensional, scale invariant version of the classical 
theorem of F. and M. Riesz [RR]. The F. and M. Riesz Theorem states that for 
a simply connected domain Q. in the complex plane, with a rectifiable boundary, 
one has that harmonic measure is absolutely continuous with respect to arclength 
measure on the boundary. In [HM], we proved a scale invariant version of the latter 
result in higher dimensions. That is, we showed that for Q. c R.""'"^ n > 2, satisfy- 
ing certain quantitative topological properties, whose boundary is rectifiable in an 
appropriate quantitative sense, one has that harmonic measure satisfies a scale in- 
variant version of absolute continuity with respect to surface measure (the so-called 
"weak-Aoo" property; cf. Definition 1.15 below). To be more precise, assuming that 
Q. satisfies interior "Corkscrew" and "Harnack Chain" conditions (these are scale 
invariant versions of the topological properties of openness and path connected- 
ness; cf. Definitions 1.1 and 1.3 below), and that dO. is "Uniformly Rectifiable" (a 
quantitative, scale invariant version of rectifiability; cf. Definition 1.6), we showed 
that harmonic measure belongs to weak-Aoo with respect to surface measure on 
dQ.. Let us note that the weak-Aoo property implies that the Poisson kernel (i.e., the 
Radon-Nikodym derivative of harmonic measure with respect to surface measure), 
satisfies a scale-invariant higher integrability condition (cf. (1.20).) 

In the present paper, we obtain a converse to the main result of [HM], that is, we 
show that if Q c R"'^^ satisfies interior Corkscrew and Harnack Chain conditions, if 
dQ. is «-dimensional "Ahlfors-David Regular" (cf . Definition 1 .4), and if harmonic 
measure is absolutely continuous with respect to surface measure, with Poisson 
kernel satisfying the scale invariant higher integrability condition (1.20), then dQ. 
is Uniformly Rectifiable (cf . Theorem 1 .22). We observe that this result is in the 
spirit of the solution of the Painleve problem ([To], but see also [Ch], [MMV], [Da] 
and [Vo]), in which analytic information is used to establish rectifiability properties 
of a set, via the use of Tb theory. In our case, we use a so called "local Tb" theorem, 
related to the technology of the solution of the Kato square root problem [HMc], 
[HLMc], [AHLMcT], and proved in [GM]. 

We observe that our work here and in [HM] may be viewed as a "large constant" 
analogue of the series of papers by Kenig and Toro [KTl, KT2, KT3]. These 
papers say that in the presence of a Reifenberg flatness condition and Ahlfors- 
David regularity, logk € VMO iff y € VMO, where k is the Poisson kernel 
with pole at some fixed point, and v is the unit normal to the boundary. More- 
over, given the same background hypotheses, the condition that v e VMO is 
equivalent to a uniform rectifiability (UR) condition with vanishing trace, thus 
log^ € VMO vanishing UR. On the other hand, our large constant ver- 

sion "almost" says "log^ € BMO UR", given interior Corkscrews and 

Harnack Chains. Indeed, it is well known that the Aco condition (i.e., weak-Aoo 
plus the doubling property) implies that log k e BMO, while if log k e BMO with 
small norm, then ^ e Aoo. 

We refer the reader to the introduction of [HM], for a detailed historical survey 
of related work. 
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1.1. Notation and Definitions. 

• We use the letters c, C to denote harmless positive constants, not necessarily the 
same at each occun^ence, which depend only on dimension and the constants ap- 
pearing in the hypotheses of the theorems (which we refer to as the "allowable 
parameters"). We shall also sometimes write a < b and a k b to mean, respec- 
tively, that a < Cb and < c < a/b < C, where the constants c and C are as 
above, unless explicitly noted to the contrary. At times, we shall designate by M 
a particular constant whose value will remain unchanged throughout the proof 
of a given lemma or proposition, but which may have a different value during 
the proof of a different lemma or proposition. 

• Given a domain Q c ]R"^\ we shall use lower case letters x,y,z, etc., to denote 
points on dQ., and capital letters X, Y,Z, etc., to denote generic points in R.""*"' 
(especially those in ]R"+^ \ dQ.). 

• The open (n + l)-dimensional Euclidean ball of radius r will be denoted B{x, r) 
when the center x lies on dQ., or B{X, r) when the center X e R"'*'^ \ dQ. A 
"surface ball" is denoted A{x, r) :- B{x, r) n dQ. 

• Given a Euclidean ball B or surface ball A, its radius will be denoted or ta, 
respectively. 

• Given a Euclidean or surface ball B = B(X, r) or A = A(x, r), its concentric dilate 
by a factor of /c > will be denoted by kB := B{X, kv) or kA :- A(;c, kv). 

• For X e R"+' , we set 6{X) dist(X, dQ). 

• We let //" denote «-dimensional Hausdorff measure, and let cr H" \ „„ denote 

I ail 

the "surface measure" on dQ. 

• For a Borel set A c K."^', we let 1^ denote the usual indicator function of A, i.e. 
Ia(^) - 1 if ;c € A, and Ia{x) = if .t ^ A. 

• For a Borel set A c R"+\ we let int(A) denote the interior of A. If A c dQ, 
then int(A) will denote the relative interior, i.e., the largest relatively open set 
in dQ contained in A. Thus, for A c dQ, the boundary is then well defined by 
dA A\int(A). 

• For a Borel set A, we denote by C(A) the space of continuous functions on A, by 
Cc(A) the subspace of C(A) with compact support in A, and by Cb{A) the space 
of bounded continuous functions on A. If A is unbounded, we denote by Co(A) 
the space of continuous functions on A converging to at infinity. 

• For a Borel subset A c dQ, we set fdcr :- o"(A)~' fdcr. 

• We shall use the letter / (and sometimes J) to denote a closed («-i- l)-dimensional 
Euclidean cube with sides parallel to the co-ordinate axes, and we let £(I) denote 
the side length of /. We use Q to denote a dyadic "cube" on dQ. The latter exist, 
given that dQ is ADR (cf. [DSl], [Ch]), and enjoy certain properties which we 
enumerate in Lemma 1.11 below. 

Definition 1.1. (Corkscrew condition). Following [JK], we say that a domain 
Q c R.""*^^ satisfies the "Corkscrew condition" if for some uniform constant c > 
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and for every surface ball A :- A(x, r), with x e dQ and < r < diam(5n), there 
is a ball B(Xa, cr) c B(x, r) n O. The point Xa c Q is called a "Corkscrew point" 
relative to A. We note that we may allow r < C diam(c^Q) for any fixed C, simply 
by adjusting the constant c. 

Remark 1.2. We note that, on the other hand, every X e Q., with 6{X) < diam(5Q), 
may be viewed as a Corkscrew point, relative to some surface ball A c dQ.. Indeed, 
set r = KS{X), with K > l,f\xx e dQ such that \X-x\^ 5{X), and let A :^ A{x, r). 

Definition 1.3. (Harnack Chain condition). Again following [JK], we say that 
O satisfies the Hainack Chain condition if there is a uniform constant C such that 
for every p > 0, A > 1, and every pair of points X, X' e Q with d{X), 6{X') > p 
and |X - X'l < Ap, there is a chain of open balls Bi, Bn c Q., N < C(A), with 
X e Bi, X' € Bn, Bk n Bk+i t and C"' diamCB^) < dist(Bi.,5Q) < CdiamCB^). 
The chain of balls is called a "Hai^nack Chain". 

We remark that the Corkscrew condition is a quantitative, scale invariant version 
of the fact that Q. is open, and the Harnack Chain condition is a scale invariant 
version of path connectedness. 

Definition 1.4. (Ahlfors-David regular). We say that a closed set E c R"^^ is 

M-dimensional ADR (or simply ADR) if there is some uniform constant C such 
that 

(1.5) ^r" <//"(£■ nB(x,r)) < Cr", Vr € (0, /?o), ^ e 

where /?o is the diameter of E (which may be infinite). When E = dQ., the boundary 
of a domain Q, we shall sometimes for convenience simply say that "O has the 
ADR property" to mean that dQ is ADR. 

Definition 1.6. (Uniform Rectifiability). Following David and Semmes [DSl, 
DS2], we say that a closed set E c R"+' is n-dimensional UR (or simply UR) 
("Uniformly Rectifiable"), if it satisfies the ADR condition (1.5), and if for some 
uniform constant C and for every Euclidean ball B := B{xo, r), r < diam(£'), cen- 
tered at any point xq e E, we have the Carleson measure estimate 



(1.7) J J |V^51(X)r dist(X,£) JX < Cr", 
where Sf is the single layer potential of /, i.e., 

(1.8) Sf(X) := cn j^\X- yt"f(y) dH'\y). 

Here, the normalizing constant c„ is chosen so that £(X) := c„|X|'"" is the usual 
fundamental solution for the Laplacian in R"^'. When E = dQ, the boundary of 
a domain Q, we shall sometimes for convenience simply say that "Q has the UR 
property" to mean that dQ is UR. 

We note that there are numerous characterizations of uniform rectifiability given 
in [DS 1 , DS2] . Let us note that, by "T 1 reasoning", the Carleson measure condition 
(1.7) is equivalent to the global bound 

(1.9) |V25/(X)|2 6(X) dX <C WfWl^^say 
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The condition (1.7) will be most useful for our purposes, and appears in [DS2, 
Chapter 3, Part III]. We remark that the UR sets are precisely those for which all 
"sufficiently nice" singulai^ integrals are bounded on L} (see [DSl]). 

Definition 1.10. ("Big Pieces")- Given a closed set E c 1."+^ such that E is n- 
dimensional ADR, and a collection S of domains in R"''"^ we say that E has "big 
pieces of boundaries of S " (denoted E € BP{dS)) if there is a constant < o- < 1 
such that for every x € E, and < r < diam(£'), there is a domain Q' e S such that 

H"{dD.' n B{x, r) n £■) > aH"{B{x, r)r\E)~ ar". 

Lemma 1.11. (Existence and properties of the "dyadic grid") [DSl, DS2], [Ch]. 

Suppose that E c K."^' satisfies the ADR condition (1.5). Then there exist constants 
flo > 0, 77 > and C\ < 00, depending only on dimension and the ADR constants, 
such that for each k eZ, there is a collection ofBorel sets ("cubes") 

■- {Q^cE-.je 3^1, 

where denotes some (possibly finite) index set depending on k, satisfying 

(i) E = \JjQ) for each A: e Z 

(//) Ifm>k then either c Q) or Qf r\Q) = 0. 

(Hi) For each (j, k) and each m < k, there is a unique m such that Q'j c Q"'. 

(iv) Diameter (^Q^j < Ci2~K 

(v) Each Q^j contains some "surface ball" A(A^,ao2~*^) :- ao2^*^) H E. 

(vi) H" (^\x e Q) : dist(;c,£' \ 2^) < t2^*^|) < Ci t''//" (q)^ , for all k,j and 
for all T e (0, ao). 

A few remarks are in order concerning this lemma. 

• In the setting of a general space of homogeneous type, this lemma has been 
proved by Christ [Ch]. In that setting, the dyadic parameter 1/2 should be re- 
placed by some constant 6 e (0, 1). It is a routine matter to verify that one may 
take 5 = 1/2 in the presence of the Ahlfors-David property (1.5) (in this more 
restrictive context, the result already appears in [DSl, DS2]). 

• For our purposes, we may ignore those k e Z such that 2"*^ > diam(£'), in the 
case that the latter is finite. 

• We shall denote by D = I}{E) the collection of all relevant 2^, i.e., 

D := UkBk, 

where, if diam(£') is finite, the union runs over those k such that 2"*^ < diam(£'). 

• Properties (iv) and (v) imply that for each cube Q € D^;, there is a point xq e E, 
a Euclidean ball B{xq, r) and a surface ball A(xg, r) := B{xq, r) D E such that 
r K 2^*^ K diam(2) and 

(1.12) A{xQ,r)cQcA{xQ,Cr), 
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for some uniform constant C. We shall denote this ball and surface ball by 

(1.13) Bq := B(XQ, r) , Aq := A(xq, r), 
and we shall refer to the point xq as the "center" of Q. 

• Let us now specialize to the case that E = dCl, with Q. satisfying the Corkscrew 
condition. Given Q e I}(dQ.), we shall sometimes refer to a "Corkscrew point 
relative to Q", which we denote by Xq, and which we define to be the corkscrew 
point Xa relative to the ball A :^ Ag (cf. (1.12), (1.13) and Definition 1.1). We 
note that 

(1.14) 6{Xq) ~ dist(XQ, Q) ~ diam(e). 

• For a dyadic cube 2 € D^;, we shall set £(Q) = 2~'^, and we shall refer to this 
quantity as the "length" of Q. Evidendy, i{Q) ~ diam(Q). 

• For a dyadic cube Q e D, we let k{Q) denote the "dyadic generation" to which 
Q belongs, i.e., we set k = k{Q) if 2 € D^; thus, 1{Q) = T''^Q\ 

Definition 1.15. (Aoo, A^^'^"^ and weak-Aoo). Given a surface ball A = B n 5Q, 
a Borel measure defined on dQ. is said to belong to the class Aoo(A) if there are 
positive constants C and 9 such that for every A' = B' n dQ. with B' c B, and every 
Borel set f c A', we have 

(1.16) ^(^F)<c(^^\ aj{A'). 



If we replace the surface balls A and A' by a dyadic cube Q and its dyadic subcubes 
Q', with F c Q', then we say that oj e A'^2'^'\Q): 

(I.IV) oj{F)<c(^^\ aj{Q'). 



Similarly, oj e weak-Aoo(A), with A = B n dQ., if for every A' = B' n dQ. with 
2B' c B, we have 

(1.18) co(F)<c(^^^^ w(2A') 



(r(A') 

As is well known [CF], [GR], [Sa], the Aoo (resp. weak-Aoo) condition is equiv- 
alent to the property that the measure a> is absolutely continuous with respect to cr, 
and that its density satisfies a reverse Holder (resp. weak reverse Holder) condi- 
tion. In this paper, we are interested in the case that cj = oj^, the harmonic measure 
with pole at X. In that setting, we let k^ := da>^ /dcr denote the Poisson kernel, so 
that (1.16) is equivalent to the reverse Holder estimate 

(1.19) (^j- {k^ydo-^ '<cjk^d(T, 

for some q > \ and for some uniform constant C. In particular, when A' - A, and 
X - X/^,2l Corkscrew point relative to A, the latter estimate reduces to 



(1.20) / {k^'^y d(T < C (t{A) 

J A 
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Similarly, (1.18) is equivalent to 

(1.21) (^j- {k^Ydo^ <C^ k^dcr. 

Assuming that the latter bound holds with A' = A, and with X - X/^, then one 
again obtains (1.20). 

1.2. Statement of the Main Result. Our main result is as follows. We shall use 
the terminology that a connected open set Q. c R""*^^ is a 1-sided NTA domain 
if it satisfies interior (but not necessarily exterior) Corkscrew and Harnack Chain 
conditions. 

Theorem 1.22. Let Q c R"''"\ n > 2, be a 1-sided NTA domain, whose boundary 
is n-dimensional ADR. Suppose also that harmonic measure oj is absolutely con- 
tinuous with respect to surface measure and that the Poisson kernel k = doj/dcr 
satisfies the scale invariant estimate 

(1.23) / {k^'^y dcr < C (T{Ay~P , 

J A 

for some 1 < /? < oo and for all surface balls A. Then dQ. is UR. 

Remark 1.24. As mentioned above (1.23) is (apparently) weaker than co^'^ being 
in weak-Aoo(A). However, a posteriori, we obtain that these two conditions are 
equivalent. Namely, Theorem 1.22 shows that dQ. is UR and therefore we can 
apply [HM, Theorem 1.26] to obtain that co^'' belongs to weak-Aoo(A). 

Theorem 1.22 leads to an immediate "self-improvement" of itself, in which the 
hypotheses ai^e assumed to hold only in an appropriate "big pieces" sense. 

Theorem 1.25. Let E c R"^' be a closed set and assume that E is n-dimensional 
ADR. Suppose further that E € BP{dS) (cf. Definition LIO), where S is a collec- 
tion of 1 -sided NTA domains with n-dimensional ADR boundaries, with uniform 
control of all of the relevant Corkscrew, Harnack Chain and ADR constants. As- 
sume also that there exist \ < p < oo and C > 1 such that for every Q! € S we 
have that harmonic measure ojq' is absolutely continuous with respect to surface 
measure and that the Poisson kernel ka' = dcoci' ldcrci> satisfies the scale invariant 
estimate 

(1.26) [kl^'Y dxT^' < C(T^.{A')'-P, 

and for all surface balls A' on Q! . Then E is UR. 

The proof of this result is as follows. Let x e E and < r < diam(£'). Under 
the hypotheses of Theorem 1.25, there is Q.' satisfying the hypotheses of Theorem 
1.22, with the property that for some < a < 1, we have 

( 1 .27) o-{dQ' n B{x, r)r\E) > a cr{B{x, r)nE). 

By Theorem 1.22, (1.26) implies that dQ.' is UR with uniform control of the con- 
stants (since the ADR and 1 -sided NTA constants are uniformly controlled, and 
also p and C in (1.26) are independent of Q'). This and (1.27) implies that E has 
big pieces of UR sets and therefore E is UR, see [DS2]. 
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2. Proof of Theorem 1.22 

2.1. Preliminaries. We collect some of the definition and auxiliary results from 
[HM] that will be used later. In the sequel, Q. c R"^^ n > 2, will be a connected, 
open set, tj^ will denote harmonic measure for Q, with pole at X, and G(X, Y) will 
be the Green function. At least in the case that Q. is bounded, we may, as usual, 
define ca^ via the maximum principle and the Riesz representation theorem, after 
first using the method of Perron (see, e.g., [GT, pp. 24-25]) to construct a harmonic 
function "associated" to arbitrary continuous boundary data.' For unbounded Q, 
we may still define harmonic measure via a standard approximation scheme, see 
[HM, Section 3] for more details. We note for future reference that to^ is a non- 
negative, finite, outer regular Borel measure. 

The Green function may now be constructed by setting 

(2.1) G{X,Y)--B{X-Y)- I &{X-z)do/{z), 

Jan 

where £ {X) := c„|X|'~" is the usual fundamental solution for the Laplacian in R"+'. 
We choose the normalization that makes £ positive. 

Lemma 2.2 (Bourgain [Bo]). Suppose that dQ is n-dimensional ADR. Then there 
are uniform constants c e (0, 1) and C e (l,oo), such that for every x e dQ., and 
every r € (0, diam((9n)), ifYeQ.r\ B(x,cr), then 

(2.3) w^(A(x,r)) > 1/C> . 

In particular, if Q satisfies the Corkscrew and Hamack Chain conditions, then for 
every surface ball A, we have 

(2.4) co^^iA) > 1/C> . 

We next introduce some terminology. 

Definition 2.5. A domain Q. satisfies the qualitative exterior Corkscrew condi- 
tion if there exists A'^ » 1 such that Q. has exterior corkscrew points at all scales 
smaller than 2^^. That is, there exists a constant c^ such that for every surface ball 
A = A{x, r), with x e 50 and r < 2"^, there is a ball BiX"^', cn r) c B{x, r) n 

Let us observe that if Q. satisfies the qualitative exterior Corkscrew condition, 
then every point in dQ. is regular in the sense of Wiener. Moreover, for 1 -sided NTA 
domains, the qualitative exterior Corkscrew points allow local Holder continuity at 
the boundary (albeit with bounds which may depend badly on N). 

Lemma 2.6 ([HM, Lemma 3.11]). There are positive, finite constants C, depend- 
ing only on dimension, and c{n,9), depending on dimension and 9 e (0, 1), such 
that the Green function satisfies 

(2.7) G(X,F) < C|X- y|i-« 

(2.8) c{n, 6) \X - F|'-" < G{X, Y) , if |X - y| < 96{X) , 6» € (0, 1) . 



Since we have made no assumption as regards Wiener's regularity criterion, our hiarmonic func- 
tion is a generalized solution, which may not be continuous up to the boundary. 
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Moreover, if every point on dQ. is regular in the sense of Wiener, then 

(2.9) G{X, Y)>0 

(2.10) G{X,Y)^G{Y,X), VX,Yea,XtY. 

Lemma 2.11 ([HM, Lemma 3.30]). Let £l be a 1-sided NTA domain with n- 
dimensional ADR boundary, and suppose that every x € dQ. is regular in the sense 
of Wiener Fix Bq :- B{xq, tq) with xq e dQ, and Aq := Bq n dQ. Let B :- B{x, r), 
X e dQ, and A :- BC) dQ, and suppose that 2B c Bq. Then for X e Q\Bf)we have 

(2.12) r"~^G(XA,X) < Cco^(A). 

If, in addition, Q satisfies the qualitative exterior corkscrew condition, then 

(2.13) a>^(A) < Cr"-'G(XA,X). 

The constants in (2. 12) and (2. 13) depend only on dimension and on the constants 
in the ADR and 1 -sided NTA conditions. 

Corollary 2.14 ([HM, Corollary 3.36]). Suppose that Q is a 1-sided NTA domain 
with n-dimensional ADR boundary and that it also satisfies the qualitative exterior 
Corkscrew condition. Let B := B{x, r), x € dQ, A'.= Br\ dQ and X eQ \ 4B. Then 
there is a uniform constant C such that 

a/{lA) < Co/ {A). 

We next introduce some "discretized" and "geometric" sawtooth and Carleson 
regions from [HM, Section 3]. Given a "dyadic cube" Q e J}{dQ), the discretized 
Carleson region Dq is defined to be 

(2.15) T}q:={Q' eB-.Q' QQ). 

Given a family of disjoint cubes {Qj} c D, we define the global discretized 
sawtooth relative to by 

(2.16) D,^ :=D\|jDe,., 

r 

i.e., is the collection of all 2 e D that are not contained in any Qj e J^. Given 
some fixed cube Q, the local discretized sawtooth relative to by 

(2.17) Dj^^Q := Dq \ IJDq^ ^ Dj^ nDg. 

T 

We also introduce the "geometric" Carleson regions and sawtooths. Let us first 
recall that we write k - k{Q) if Q e (cf. Lemma 1.11), and in that case the 
"length" of Q is denoted by £{Q) = I'^^'^^K We also recall that there is a Corkscrew 
point Xq, relative to each 2 e D (in fact, there are many such, but we just pick 
one). Let = "WiQ) denote a collection of (closed) dyadic Whitney cubes of 
Q, so that the cubes in "W form a pairwise non-overlapping covering of Q, which 
satisfy 

(2.18) 4 diam(/) < dist(4/, dQ) < dist(/, dQ) < 40 diam(/) , V / e 
and also 

(l/4)diam(/i) < diam(/2) < 4diam(7i), 
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whenever /i and I2 touch. Let denote the side length of /, and write k = ki if 
£{1) = 2~^. There are Co > 1000 ^/n and mo > large enough (depending only on 
the constants in the Corkscrew condition and in the dyadic cube construction) so 
that for every cube 2 e D 
(2.19) 

"Wq := {I e^V: k{Q) - mo < h < k{Q) + 1 , anddist(/, Q) < Co2^*^2)| ^ 

satisfies that Xq e I for some / € "Wq, and for each dyadic child of Q, the 
respective Corkscrew points Xgj e P for some P e "Wq. Moreover, we may 
always find an / e "Wq with the slightly more precise property that k{Q) -I < kj < 
k{Q) and 
(2.20) 

^Qx ^ ^Qi * ' whenever 1 < < 2 , and dist(ei, &) < 1000^(22) ■ 

We introduce some notation: given a subset A c Q, we write X -^a ^ if the 
interior of A contains all the balls in a Harnack Chain (in Q), connecting X to Y , 
and if, moreover, for any point Z contained in any ball in the Harnack Chain, we 
have dist(Z, (90) k. dist(Z, Q \ A) , with uniform control of the implicit constants. 
We denote by X{T) the center of a cube / e R"+^, and we recall that Xq denotes a 
designated Corkscrew point relative to Q that can be assumed to be the center of 
some Whitney cube / such that / c Bq n Q and k. {{Q) k dist(/, Q). 

For each / e "Wq, we form a Harnack Chain, call it H{I), from the center X{I) 
to the Corkscrew point Xq. We now denote by '1V(/) the collection of all Whitney 
cubes which meet at least one ball in the chain H{I), and we set 

^V*Q := U W). 

We also define, for /I e (0, 1) to be chosen momentarily, 

(2.21) Uq:= U(l+i)/-: |J 

By construction, we then have that 

(2.22) ^Q c W*Q c and Xq^Uq, Xqj e Uq , 

for each child of Q. It is also clear that there are uniform constants k* and Kq 
such that 

(2.23) k(Q) -k* <k,< k{Q) + k* , V/ e 

XiD^u^XQ, VIe^*Q 
dist(/, Q) < Kq 2-*^(e) , V/ e 'W*q , 

where k*, Kq and the implicit constants in the condition X{I) -^Uq Xq, depend only 
on the "allowable parameters" (since mo and Co also have such dependence) and 
on A. Thus, by the addition of a few nearby Whitney cubes of diameter also com- 
parable to that of Q, we can "augment" "Wq so that the Harnack Chain condition 
holds in Uq. 
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We fix the parameter A so that for any I,Je "W, 

dist(/*,7*) « dist(/, J) 

(2 24) 

^ " ^ int(r) n int(7*) ^ ^ dIndJi=0 

(the fattening thus ensures overlap of /* and J* for any pair I,Je whose bound- 
aries touch, so that the Harnack Chain property then holds locally, with constants 
depending upon A, in /* U /*). By choosing A sufficiently small, we may also 
suppose that there is a t e (1/2, 1) such that for distinct /, / e "W, 

(2.25) r/ n r - . 

Remark 2.26. We note that any sufficiently small choice of A (say < A< Aq) will 
do for our purposes. 

Of course, there may be some flexibility in the choice of additional Whitney 
cubes which we add to form the augmented collection 'W*q, but having made such 
a choice for each 2 e D, we fix it for all time. 

We may then define the Carleson box associated to Q by 

(2.27) Tq ■- int U Uq 

Similarly, we may define geometric sawtooth regions as follows. As above, give a 
family T of disjoint cubes {Qj\ c D, we define the global sawtooth relative to 
by 

(2.28) int I |J Uq 
and again given some fixed QeJ}, the local sawtooth relative to T by 

(2.29) Or.e := int U ^2' 

\G'eDr,e 

We also define as follows the "Carleson box" associated to a surface ball A := 
A(xa, r). Let ^(A) denote the unique kel, such that 2"*^"^ < 200 r < 2"*^, and set 

(2.30) :={!2eD^(A) : Gn2A^0}. 
We then define 

(2.31) Ta int IJ 7^ 

Given a surface ball A :- A(x, r), let Sa B{x, r), so that A = Ba dQ.. Then, 

(2.32) ^Ba n Q c Ta. 
and there exists kq large enough such that 

(2.33) Ta c kqBa n a. 



12 



STEVE HOFMANN, JOSE MARIA MARTELL, AND IGNACIO URIARTE-TUERO 



Lemma 2.34 ([HM, Lemma 3.61]). Suppose that O is a 1-sided NTA domain with 
an ADR boundary. Then all of its Carleson boxes Tq and T/^, and sawtooth re- 
gions Qj^, and 0.f Q are also 1-sided NTA domains with ADR boundaries. In all 
cases, the implicit constants are uniform, and depend only on dimension and on 
the corresponding constants for Q.. 

Lemma 2.35 ([HM, Lemma 3.62]). Suppose that Q. is a 1-sided NTA domain with 
an ADR boundary and that Q. also satisfies the qualitative exterior Corkscrew con- 
dition. Then all of its Carleson boxes Tq and T^, and sawtooth regions Qf, and 
Qy^^g satisfy the qualitative exterior Corkscrew condition. In all cases, the implicit 
constants are uniform, and depend only on dimension and on the corresponding 
constants for O. 

Corollary 2.36 ([HM, Corollai-y 3.69]). Suppose that O is a 1-sided NTA domain 
with n-dimensional ADR boundary and that it also satisfies the qualitative exterior 
Corkscrew condition. There is a uniform constant C such that for every pair of 
surface balls A := B n dQ., and A' := S' n dQ., with B' c B, and for every 
X e Q \ IkqB, where kq is the constant in (2.33) below, we have 

1 y , W^(A') y , 

C a>^{A) 

Remark 2.37. Let us recall that the dilation factor A, defining the fattened Whitney 
boxes /* and Whitney regions Uq, is allowed to be any fixed positive number no 
larger than some small Aq (cf. (2.21) and Remark 2.26). For the rest of the paper 
we now fix < A < AqII, so that, in particular, the previous results apply not 
only to the Carleson boxes and sawtooths corresponding to Uq&s defined above, 
but also to those corresponding to "fatter" Whitney regions U*q = U<\y*^r* with 
/** - (1 + 2/1)/. We will work with these fatter regions in Sections 2.4 and 2.5 
below. 

2.2. Step 1: Passing to the approximating domains. We first observe that with- 
out loss of generality we can assume that p < 2: If p > 2, (1.23) and Holder's 
inequahty imply the same estimate with p = 2. 

We define approximating domains as follows. For each large integer A^, set 
Tm '■= ^N- We then let Q.^ •- denote the usual (global) sawtooth with respect 
to the family Tn (cf. (2.23), (2.21) and (2.28).) Thus, 

(2.38) - int \J Uq \ , 

\eeD:f(e)>2-"+i / 

SO that is the union of fattened Whitney cubes /* ^ (1 + A)I, with > 2~^, 
and the boundary of consists of portions of faces of /* with £{1) ~ 2~^. By 
virtue of Lemma 2.34, each Q.^ satisfies the ADR, Corkscrew and Hai^nack Chain 
properties. We note that, for each of these properties, the constants are uniform in 
A'^, and depend only on dimension and on the corresponding constants for Q. 

By construction Q.^ satisfies the qualitative exterior corkscrew condition (Def- 
inition 2.5) since it has exterior corkscrew points at all scales < 2~^. By Lemma 
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2.35 the same statement applies to the Carleson boxes Tq and Ta, and to the saw- 
tooth domains and 0.'r,Q (^H of them relative to Q.j^) and even to Carleson 
boxes within sawtooths. 

We write oj^ for the corresponding haimonic measure and kj^ for the coiTe- 
sponding Poisson kernel (we know by [DJ] that oj^ is absolutely continuous with 
respect to surface measure, since enjoys a qualitative 2-sided Corkscrew con- 
dition, i.e., it has exterior Corkscrew points at all scales < 2"'^). We are going to 
show that the scale invariant estimate (1.23) passes uniformly to the approximat- 
ing domains. To be precise, for all surface balls A^, defined with respect to the 
approximating domain Q.j^ (i.e., - B r\ 5fl/v with B centered at dQ.N), we have 

(2.39) (4^")" dcTN < CcTMiA'^y-P, 

where C and I < p < p aie independent of A^. To prove (2.39), we shall first need 
to establish several preliminary facts. 

Given X e D.^ c Q we write x for a point in dQ. such that 6{X) = \X - x\, 
analogously € dQ^ with 6]\j{X) - \X - xn\ (here 6^ stands for the distance to 
the boundary of Qn)- Set A^ = B{x, S{X)) n dQ and Af = B{xn, Sn{X)) n dQN. 

Let X eQ.N c a with 6NiX) « , thus 5(X) ~ 2"^. We claim that for every 
Y e Q.N we have 

(2.40) 5*A|)^^<^ 

where C is independent of A'^. 

We first consider the case bounded. For fixed Y € Q.^ we set u{Y) = w^(A^) 
and v(Y) = aj^(Ax). Note that u, v are harmonic in O^?. For every Y € A^, we have 
u(Y) = I < a>^(Ax) = v(Y) by Lemma 2.2 and the Harnack chain condition. Also, 
if F e dQ.N \ A^ we have u(Y) = < a)^(Ax) = v{Y). Thus, maximum principle 
yields that u{Y) < v{Y) for every Y e Q.^ and then we obtain as desired 

<(A|) ^^oAAx) 

where C is independent of A'^ (notice that we have used that o-f^{A^) k d^iX)" « 
6(X)" « a(Ax).) 

Let us treat the case Q.^ unbounded. Let M » 1 and set B^ = B{xn, M 6n(X)) 
and A^ = B^ n dQ.^- Take CIn^m - T^n where T^n c Q.^ denotes the Carleson 
box corresponding to A^ for the domain Q.^. By (2.32) and (2.33) (with Q. replaced 
by Q.n) we have 

These and the fact that M » 1 allow us to obtain thatZ e Q^v.m. xn e dQ^^dD-N^M, 
fe„,„(^) - Sn{X) « 2-^, and 

Af = B{XN, Sn{X)) n dQN = B{XN, Sn{X)) n dQNM- 
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Then, we proceed as in the previous case and consider um(Y) = a>^^^{A^) and 
v(Y) = a)^(Ax) for Y e i^N,M- The same ai^gument above and the maximum prin- 
ciple in the bounded domain Q.n.m yields um(Y) < v{Y) for every Y e Q.n,m with 
constant independent on A'^, M and X. On the other hand notice that the solutions 
um{Y) = Wq^^(A^) are monotone increasing on any fixed Qat^Mq. as Mq < M ^ 
oo, by the maximum principle. We then obtain that um{Y) — > u{Y) :- 6t»^(A^), 
uniformly on compacta, by Harnack's convergence theorem. Thus, u{Y) < v{Y) for 
every 7 e Qa? and then the previous argument leads to the desired estimate. 

Proposition 2.41. There exists I < p < p such that for all N ^ 1 ;/ we let 

A^ - B r\ Q.pf be a surface ball with r{B) ~ 2~^, then 

(2.42) [k^/'Y dcT^^^ " < cT^iA'')-' 

where the constant is uniform in N. Furthermore, for every Y € Qn\ 2kqB we have 



where the constant is uniform in N. 

Proof. Let us momentarily assume (2.42) and we obtain (2.43). As observed above 
Q.N is a 1-sided NTA domain with ADR boundary and satisfies the qualitative ex- 
terior corkscrew condition. Thus we can use Corollary 2.36: we take A'^ = BdO.^ 
with r{B) w 2^^ and for every Y e Q.^ \ 2kqB we have 

f kldaN^ojliA'') f kl'' d(TN, B'cB. 
J{A'^y J(A")' 

Then for crA?-a.e. x e A^ we take B' = B{x, r) and let r ^ to obtain klj{x) w 

a>Jj(A^)kj^''^ (x) with constants that do not depend on A'^. Consequently, we have 

£^ (4)^ dcTN^ " < ojUa"") (^£^ (k^^'Y dcTM^ " , Yea^X 2koB. 

This and (2.42) clearly give (2.43). 

We next show (2.42). Write A^ = A^(;ca,, r) = B(xn, r) n dO.^ with xj^ e dQ.N 
and r ~ 2~^. We take x e dQ. such that 6{xn) = \xf^ - x| « 2~^ and set A = 
A(x, M 2'^) with M (independent of A'^) large enough. Note that 

(2.44) B{XN, 4r) n Oa, c U/ /* , 

where the union runs over a collection of Whitney boxes / e 'IV(Q), of uniformly 
bounded cardinality, all with int(/*) c Qn, ^(1) ~ 2'^, and S(xA?,4r) n /* 0. 
Notice that we have B{xn, 4r) n dD.^ c Ujdl*. For each such /, there is a 2/ e D^^ 
such that 

^(/) « ^(2/) « 2-^ « dist(/, Qi), 



so by definition / e '^*q,- Thus, for any such / we have that 
(2.45) \xq, -x\< {{Qi) + d{Qi, I) + £{!) + Ar + \xN-x\<M 2 

for M chosen large enough, and therefore xq^ e A. 



-N 



UNIFORM RECTIFIABILITY AND HARMONIC MEASURE II 



15 



Let k(A) denote the unique k e Z such that 2 ^ < Ml ^ < 1 (below we 
may need to make M lai^ger). We define 



where is defined in (2.30) (note that ^:(A) is slightly different.) 

Let us make some observations about this set P. Note first that D^^ is the col- 
lection of all dyadic cubes whose side length are at least 2^^+^ Thus for every 
Q € D^, we have that £{Q) = 2~'^'-^^ and D^^.g consists of all dyadic subcubes of Q 
whose side length is at least 2"^+^ i.e., those Q' e Bq with 2"^+^ < £{Q) < l''"'-^^ 
and these are a finite number. Note also that the cardinality of D"^ is finite and 
depends only on M and the ADR constants, and therefore P is the union of a fi- 
nite number (the cardinality depends only on M and on the parameters that ap- 
pear in the definition of 'W*q) of fattened Whitney boxes that are "close" to A 
and have size compai^able to 2~^. Note also, that P c Q/y. It is easy to see that 
B(xN,4r) n Q/v c P. Namely, for every Y e B(x/v, 4r) n Q.^ we have shown above 
using (2.44) that there exists I* 3 Y with {{I) ~ , I e 'W*q^ and xq^ € A. 

Therefore there is Q* e such that Qi c Q*. Thus, Y e fVi^ ^ UeeD^ ^r^.Q- 
Notice that B{xN,4r) n is open so there exists a ball By centered at y that is 
contained in this set. For every Z e By we have just shown that z e UgeD'^ ^fN.Q' 
this eventually leads to 7 e P. 

Lemma 2.46. P is an NTA domain with ADR boundary, that is, it satisfies the 
interior and exterior corkscrew conditions, the ( interior) Harnack chain condition, 
and df is n-dimensional ADR; moreover, all of the corresponding constants are 
independent of N. Consequently, wp, the harmonic measure for the domain P, is 
absolutely continuous with respect to surface measure and its Poisson kernel, kf>, 
satisfies the scale invariant estimate 



The proof of this result is given below. 

Fix J e A^ - B{xn, r) n 80.^. Then y e dl* with / e nV(Q), £{1) ^ 2'^ and 
int(/*) c We recall that P is a finite union of fattened Whitney boxes /* e 
'W(Q.), and we define P/» to be the interior of the union of those boxes 7* c P that 
overlap /*. It is easy to see that / c P/. c P. We shall see from the proof of Lemma 
2.46 that P/. is an NTA domain with constants independent of A'^. Moreover, we 
claim that taking M above larger we have that P/. is strictly contained in P, and 
in fact P \ P/» contains some Whitney box J € 'W(Q.). We may verify this claim 
as follows. We fix Qi e Tn with ((Qj) ~ {{I) ~ 2'^ and dist(/, Qi) ~ 2'^. 
Notice that, for M large enough, there is some Q e D"^ such that Qi <z Q (cf. 
(2.44)-(2.45).) For this Q, take J € nVg which is clearly in P. Note that 



P := int 





for some \ < p < oo and for all surface balls t^, where C and p are independent 
OfN. 



-N 
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and therefore for M lai^ge enough we have that /* n /* = 0, by properties of 
Whitney cubes (since otherwise w ^(/)). This shows that c P. 

Set m(Z) = Gn{Z,Xi^n) and v(Z) - G^{Z,X(^n) where Ga?, Gp are respectively 
the Green functions associated with the domains and P. Notice that u and v are 
non-negative harmonic functions in P/. (since P/. c P c Q.i^) and we can assume 
that X/^N i P/«: indeed, by the Harnack chain condition, and our observation above 
that P/» c P, we may assume that X^w is the center of a Whitney box / c P \ P/.. 
Notice that m|2^a. = v|2^„ - (since 2 c dO.^ and since B(xj^,^r) n Q/v c P 
imphes that 2 = B{x^,lf) n 5P). Therefore m ^ v = in S(3;,2-^^^') n 5P/. 
(here A'^i is a fixed big integer such that B{y, 2"^"^') n 5P/* c 2A^. As mentioned 
before, P/- is an NTA domain with constants independent of N and we have the 
(full) comparison principle (see [JK, Lemma 4. 10]): 

m(Z) ^ m(X(/)) 

KZ) * v(X(/))' 

for every Z e 5(3^, 2"^"'^' /C) n P/» with C large independent of A^. We remind the 
reader that X{1) stands for the center of the Whitney box /. Notice that 

\X(1) - Xa-v| ~ dist(X(/), 5P) K dist(XA;v, <9P) ~ . 

Thus, the Harnack chain condition and the size estimates for the Green functions 
imply that m(X(/))/v(X(/)) w 1. Hence m(Z) ~ v(Z) for all Z € B(y, T^-^^ /C)nP/.. 

As observed above f^Af is a 1 -sided NTA with ADR boundary and also satisfies 
the qualitative exterior corkscrew condition, so that, in particular, we may apply 
Lemma 2. 1 1. We take s «; and write A^(y, s) = B(y, s) n Q.^ to obtain 

u{X/^N(y s)) _ GN{X/^N(^y ,),X^N) ^ Lo/'^ {A^(y, s)) 

The same can be done with Gp (indeed P is NTA) after observing that A^(y, s) 
is also a surface ball for P and that after using Harnack if needed X^yv^y^^ is a 
corkscrew point with respect to P for that surface ball. Then, 

vj^ANfy^s)) _ Gp(XAW(-y^^),XAA') _ ajp^'^jA^jy, s)) 
S S crp(A^Cy, 5)) 

Note that if s is small enough then Z ^ Xa~(j, ,) e B{y, 2'^-^' /C) nP/. . This allows 
us to gather the previous estimates and conclude that 

(rNiAf'(y,s)) ~ cr^{AN(y,s)) ' 

Next we use the Lebesgue differentiation theorem and obtain that kf^'^^ iy) w ^p^"(j) 
for a.e. y e A^ . Then if we set p = mm{p,p] and use (2.47) we obtain 




-1 



This completes the proof of Proposition 2.41. □ 
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Proof of Lemma 2.46. The proof is very elementary. The corkscrew conditions are 
as follows. Fix Ap = Ap(x, r) with < r < diam(5P) « 2"^. Since x e dF, which is 
a finite union of fattened boxes of size compai^able to 2~^, x e dl* with C{I) ~ 2~^. 
The fact that /* is a cube yields easily that you can always find a corkscrew point in 
the segment that joints x and X{I) (the center of /) with constants independent of 
and this is an interior corkscrew point for P. For the exterior corkscrew condition 
we notice that dl* can be covered by the union of the Whitney boxes that are 
neighbors of / (i.e., whose boundaries touch). Then x e J with dl D dJ t 0. Note 
that / c int(7*) and hence /* cannot be one of the Whitney boxes that define P. 
Take J' a neighbor of /: if int((/')*) c P, then (/')* "bites" a small portion of / 
(since (/')* is a small dilation of /'); otherwise (/')* does not "bite" /. Eventually, 
we see that the part of J minus all these "bites" is contained in P' . Note that x is 
in one of this portions and therefore we can find a corkscrew point in the segment 
between x and the center of /. This is possible since r < 2^^. 

We show the Harnack chain condition. Let Xi , X2 e P. Then, for each i = 1,2 
there exists Q, e D"^ and 2- e D^-^^q, with X,- e int(/*) where /,• e ^Vg,. Note 

that £(Qi) w £{Qi) w f(/;) ~ 2'^. If /j, q overlap then the condition is clear. 
Otherwise, dist(/J',/p ~ dist(/i,/2) ~ 2-^ and |Xi - X2I ~ 2'^. Moreover, we can 
construct an appropriate chain in each fattened box between X; and X(/,). In fact, if 
(5p(X,) ~ 2~^ the number of balls is bounded by a dimensional constant, whereas if 
5p(X,) <^ 2~^ then we simply use that each cube /* has the Hai^nack chain property 
with uniform constants. Therefore, it suffices to assume that X,- is the center of /*. 
In such a case 5p(X;) k 2~^ , i = 1,2, |Xi - X2I ~ 2~^ and therefore we need to find 
a Harnack chain whose cardinality is uniformly bounded (in A'^). 

Therefore we fix two fattened Whitney boxes /j, and we want to find a 
Harnack chain between the centers of such boxes. As just mentioned, if /j, 
overlap we can easily construct a finite (depending only on A) chain between 
X(/i) and X(/2) (with respect to the domain /j U Z^) such that diam(S,) ~ 2"^, 
dist(B,-, d{Il U /p) K 2^^ . Let us observe that in such a case 

dist(S;,5P) < diam(P) ~ 2'^ w dist(B,-, 5(/i U /j)) < dist(B,-,5P) 

Thus the constructed Harnack chain is valid for the domain P. If /J", do not over- 
lap it suffices to find a chain of fattened boxes /j, . . . , in P such that 7j = I^, 
J\ = I2 and with the property that 7| and overlap. Notice that K is uni- 
formly bounded since P is a finite union of fattened Whitney boxes with cardinality 
bounded uniformly in N. Notice that if Q\, Q2 ^ D'^ we have {(Qi) = {{Qi) and 
dist(2i, Qi) ^ 4 ^(22)- Therefore, the construction of the sets "Wq guarantees that 
"Wq^ n is non-empty (cf. (2.20)) and there exists / € "Wq^ n "Wq^. This 
leads to show that / c mt{U Q^) (^mi{U q^) which in turn gives / c f^r«,gi ^^Tn,Q2- 
To conclude we just observe that each ^^^,01 enjoys the Harnack chain property 
by Lemma 2.34 and this means that we can connect any box in g. with / as 
before. 

To show that d¥ is ADR we proceed as follows. Notice that dV c UggjjA^Q^^^g 
where each (9Q^^ g is ADR by Lemma 2.34 and the cardinality of D"^ is finite and 
depends only on M and the ADR constants of Q.. Thus the upper bound of the 
ADR condition for dV follows at once with constants that ai^e independent of A'^. 
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For the lower bound, let B - B{x, r) with x e 82 and r < diamP w 2 ^. As 5P is 
comprised of partial faces of fattened Whitney cubes /* with t{I) ~ 2~^, then x lies 
inasubsetFof a (closed) face of/*, with F c Bnd¥, and H"{FnB) = H"{F) > r", 
as desired. Again the constants are independent of A'^. 

Having shown that P is an NTA domain with ADR boundary, with constants 
independent of A'^, we may invoke [DJ] to deduce absolute continuity of harmonic 
measure, along with the desired scale invariant estimate (2.47) for the Poisson ker- 
nel, with constants independent of A^. □ 

With these preliminaries in hand, we now turn to the proof of (2.39). To this 
end, we fix A'^, and consider three cases. If r(A^) w then (2.42) gives the 
desired estimate. Assume now that r(A^) » 2"^. We cover A by those dyadic 
cubes e D/v(5Qa?) that meet A^ (we remind the reader that Dyv(5QA?) are the 
dyadic cubes associated to the ADR set OCIn with 1{Qn) = 2~^). Note that for 
each of those cubes we have X/^n € H/v \ 2kqB{xqn,C2~^) and then we can use 
(2.43) with Y = X^-v and the surface ball A^{xqn,C 2'^): 



•'A'' 



QN 

QN 

where in the last estimate we have used that cof^ is doubling: let us observe that 
A^(xqn , C 2^^) and A^ ^ ai^e balls whose radii are comparable to 2~^ and the 

distance of their centers is controlled by 2^^^, and that 6n{X/^n) k r(A'') » 2~^ . 
Let us observe that Xqn e and (5(Xq«) ~ d^iXQN) « 2~^ «; d^iXi^N) k d{X^N). 




Then we use (2.40) to obtain 
(2.48) j ^{kl'^'Y da^<Y,ar,{Q'') 



Q' 



qN \ ^ ^qN' 

Given 2^, its center xqn is in dQ.^ c O and therefore there exist xqn € dQ. 
such that 6{xqn) - \xqn - Xqn\ w 2~^ . Then using the dyadic cube structure in 
do., there exists a unique R{Q^) e J}j^{dQ.) that contains Xqn. We note that Ax ^ 
and A^(gA') ai^e surface balls in dQ. with radii comparable to 2~'^ and whose centers 
are sepai^ated at most C2^^. This means that A^^^ c CA^^gjV). On the other 
hand, one can show that C Aj^qn^ c C Ax^^ by using that meets A^ and that 
r(A^) » 2-^. 
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Next we want to control the overlapping of the family {C A^^g^jlgw. It is easy 
to see that if C As(g«) n C A^(g«) ?t then \xqn -Xqn\< 2"^ = ^(gf ) - i{Q'^). 
Thus the fact that the cubes are all dyadic disjoint with side length yields 

■ CAr(qn) n C A/j(gA-) ^ 0! < MQ^ : \xqn - Xqn\ < 2'^] < C. 
Gathering the previous facts we obtain that 

QN QN 

Set Ao = C Ax^f^ and observe that by the Hamack Chain property oj^a" x oj^'^o. 
Thus plugging these estimates into (2.48) we conclude that 

(Ar^^o)'^ dcr<([ {k^^oy da-] " (rCAo)"^ < aiA^f-P ~ (r^(A^)^~P, 
'Ao ViAo / 

where we have used p < p and our hypothesis (1.23) and where the involved 
constants are independent of N. This completes the case r(A^) » 2~'^ . 

To complete Step 1, we need to establish (2.39) for r := KA'^) «: 2"^. Set A^ = 
B(.\;Ar, r) n 5Qa?. Given A^(jc/v, C 2~^) we consider the associated P as before. For a 
fixed y e A^ = B(;cAr, r) n ^Q^v, we have that y e <9/* with ^(/) ~ 2"^ and int(/*) c 
Q.f^. We define P/. as before and recall that it is an NTA domain with constants 
independent of A^. Let us note that 5A^ c dO-i^ n 5P/., since r «; 2"^. We let 
Y/^N denote a Corkscrew point with respect to A'', for the domain P/.. Let c < 1 be 
small enough such that Y^n i T .i, ^ where T.l, n is the Carleson box with 

respect to A'^(3', 2 c r) relative to the domain P/. (note that c depends on the various 
geometric constants of P/- which are all independent of A', see (2.33)). Notice that 
by Lemma 2.34, ^^w^^, 2c,) inherits the (interior) Corkscrew and Harnack Chain 

conditions and also the ADR property from P/.. Moreover, T ^N^y2cr) ^^^^ inherits 
the exterior corkscrew condition, with uniform bounds. Indeed, consider a surface 
ball A*(z,p) c 5r^j;(^,2^^), withz e dT^^^^y .^^^y and p < r « diam(r^i;^^,2^^.)). 

If dist(z,<9P/.) < p/100, then B{z,p) n (R"+i \ T^^N^^.jcr)) contains an exterior 
Corkscrew point inherited from P/.. On the other hand, if dist(z, (9P/.) > p/100, 
then z lies on a face of some fattened Whitney cube /* e '1V(P/-), of side length 
i{J*) > p, for which there is some adjoining Whitney cube J' containing an exterior 

/ P * \ P * 

Corkscrew point in B{z,p) n (P/. \ T^N(^y2cr)) ' Consequently 7"^«(^,,2cr) NTA 
domain with constants independent of A'^, r and y. 

Set m(Z) = Gn{Z, Y^n) and v(Z) = Gp^.iZ, Y/^n) where Gn, Gp,. are respectively 
the Green functions associated with the domains Q.^ and P/.. Then u and v are 

P * P * 

non-negative harmonic functions in T^^^^^^^^^ (since ^ -^A"Cy 2cr)''- Notice that 
for c small, r «; 2~^ , and y e A'^ - A^(xf^, r) we have that 



Af := A^Cv, cr) := {B(y,cr) n 50^) c (dQ.N n 5P/. n dT 



A"Cy,2cr)y 
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In particular, u\^n - v\^n - 0. As noted above, 7"^jv(y 2cr) NTA domain with 
constants independent of A'^ and thus by [JK, Lemma 4. 10]) we have the comparison 
principle: 

u{Z) u{Xo) p 

~ , VZ e B(y, cr C) n T. I, , , , 

with C sufficiently large but independent of A'^, and where Xq e T^fj^^^^^^^ is a 
corkscrew point associated to the surface ball A^, relative to each of the domains 
Oft?, P/* and T ^N^y2cry ^^'^ Harnack chain condition in P/» and since 

|Xo - Fa-vI ~ dist(Xo,(9P/.) ~ Ai^t{Y/^N,dfi') « r, 

one can show that u{Xq)Iv{Xq) w 1 which eventually leads to u{Z) ~ v(Z) for all 
Z€B(3;,cr/C)nrJ*^^.2,,,). 

We can now apply Lemma 2. 1 1 (since, as observed above, Q.^ satisfies the re- 
quired "qualitative assumption"), so that if we take s <^ r and write A^{y, s) = 
B(y, s) n D.N, we have 

"(^A'V(y,.v)) _ Gn(X^N(j,,j,X^n) ^ ajfj^'^{A^(y, s)) 
s ~ s * crN{A''(y,s)) ■ 

The same can be done with Gp,. (indeed P/. is NTA) after observing that A^(3', s) 
is also a surface ball for P/. and that, after using Harnack if needed, ^^^(y s) may 
be taken to be a corkscrew point with respect to P/« for that surface ball. Then, 

v(^A~Cv.^)) ^ Gp,.(XA~(y,,),XA~) ^ 4f (A^(J,5)) 
s s o-p,.(A^Cv,5)) 

p ^ 

Note that if s is small enough then Z = ^a^O",*) ^ B(y,cr/C) n T'a^O' 2 cr)- ^^^^ 
allows us to gather the previous estimates and conclude that 

Jr(A^(y,s)) 4^:iA%,s)) 



cTNiA^iy,s)) CTT,,iA^(y,s)) 



Next we use the Lebesgue differentiation theorem and obtain that fc^*" (y) « kp^^ (y) 
for a.e. v e A^. Then 



1 , , 



< {krf)" da-r,.] " S <rp,.(A"r' <r„(A"r' 

where we have used that p < p and (2.47). This completes the proof of (2.39) 

Remark. We notice that to obtain (2.47), in place of using [DJ], we could have 
invoked [VV] : P is a polyhedral domain (its boundary consists of a finite number 
of fiat "faces"), is NTA and has the ADR property, thus kp is a RH2 weight. Thus 
p = 2 and p = min{p, 2}. 



UNIFORM RECTIFIABILITY AND HARMONIC MEASURE II 



21 



2.3. Step 2: Local rZ> theorem for square functions. Having already established 
Step 1, we want to show that Q.^ has the UR property with uniform bounds. In 
the last step we shall show that this ultimately implies that Q. inherits this prop- 
erty. Therefore, in all the remaining steps, but the last one, we drop the aheady 
fixed subindex/superindex A'^ everywhere and write D. to denote the corresponding 
approximating domain D.^. Our main assumption is that (2.39) holds, and this 
rewrites as 

(2.49) / {k^^ydcr<Ccr{A)^-P, 

J A 

where p and C are independent of A'^. 

We introduce some notation. We have already defined "W = 'IV(Q) the collec- 
tion of Whitney boxes of Q.. We also define 'W''' = "WiQext) the collection of 
Whitney boxes of ^ R"+^ \ Q. Set "Wo = U 'W"'" —notice that we can 
get directly this collection by taking the Whitney decomposition of R"^' \ dO.. We 
can then consider as before "Wq with the same fixed Co as before (this guarantees 
among other things that "Wq + 0). With that fixed Co we define analogously 'Wq 
(using only /'s in "W"-^'). Notice that we have not assumed exterior corkscrew 
points for n„r and therefore "Wq' might be the null set. We then define 

Vq^ \J I, A{x) - [J Vq Aq,{x) = U 

and analogously 

where x € dQ. and Qq e D. We also consider the "two-sided" cones A(x) = 
K{x) U K''\x) and kg^ix) = Aq^{x) U Ag;(x). 

In this step we are going to apply the following local Tb theorem for squai^e 
functions in [GM] : 

Theorem 2.50 (Local Tb theorem for squai-e functions, [GM]). Let Q. c R"+\ 
n >2, be a connected open set whose boundary dQ. is ADR. We assume that there 
is an exponent q € (1,2], and a finite constant Aq > 1 such that for every 2 € D 
there exists a function bQ satisfying 

(2.51) / \bQ\''d(T<A^(T{Q) 

JdO. 



(2.52) 



Q 



bg dcr 



1 



Then, 



(2-54) j£ 
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We observe that we can easily show 



\V^Sf{Yf6{Y)dY ^ / / \V^Sf{Yf-^—^d(T{x) 
1 JaaJ'Mx) o{Yr 

which is nothing but the comparability of the "vertical" and "conical" square func- 
tions. In this way, we see (2.53) as an L^-testing condition for the local (conical) 
square function and the conclusion states the boundedness of the (conical or 
vertical) square function. 

In order to apply this result and define the functions bq we shall require some 
geometric preliminaries. Given 2 e D, we recall that there exists a surface ball 
Ag = ^{XQ, rq) such that Aq c 2 c C Aq = B{xq, C tq) n dO. with tq k £{Q). Let 
K\ be large enough such that C tq < Kii(Q) and also with ki > kq where kq is given 
in (2.62) below. Set Bq = B{xq, ki £{Q)). We notice that if x e 2 and 7 e Aq{x) 
then Y e Vq^ with x e Q' e Dg and 7 e / e ^q,. Thus, 

\Y - xq\ < {{I) + d{I, Q') + m') + \x- xq\ < CM) + m) < QAQ). 

The same can be done for Y e Aq'(x) and therefore by taking ki sufficiently large 
(depending on Kq) we have 

(2.55) IJ A(x) c Bq. 

xeQ 

Next we set Bq - K2 Bq, with K2 large enough so that Xq, the corkscrew point 
relative to Ag = Bq O, satisfies Xq ^6Bq (it suffices to take = 6/c with c the 
constant that appears in the corkscrew condition). 

Bearing in mind the previous considerations, we are ready to define our func- 
tions bQ as follows: we set bQ = o-{Q) t]q k^^ where t]q is a smooth cut-off (defined 
inR"+i) withO < r]Q < 1, supp/yg c 5Bg, 7/g = 1 in4Bg, and ||V?7g|U < ^(2)"^ 
We also take q = p and we recall that I < p < p < 2. 

Using Harnack's inequality, that cj = p and (2.49) we obtain (2.51): 



[ \bQf d(T < (T{Qf [ (k^ay d(T < (T{Qf [ (k^'^QY da 

<C(r(!2)'?cr(5Ag)i-'? <(r(0. 
Regarding, (2.52) we have by Lemma 2.2 and the Harnack chain condition that 

/ bQd(T =CT{Q) [ r]Qk^^dcT>(T{Q)aj''^{AQ)>cT{Q)/C. 
JQ JQ 

Next we show (2.53). Let X e Bg n Then 

^\SbQ{X)= [ VlS(X-y)bQ(y)d(r{y) 
Joa. 

= TiQ) I ^l&{X-y)7jQ(y)dJ(i(y) 
Jan 

= <T(Q) [ WlS(X-y)(r]Q(y)-l)dJ<^{y) 
Jdn 
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+ (T{Q) [ VlS{X-y)dco^^(y) 
Jda 

= hiX) + l2iX). 

For I2 we observe that u{Z) = V|-£(X - Z) is harmonic in Q. and C^{Q.) since 
X € Clext- Thus, for every Z € Q we have 

(2.56) V|£(X - Z) - m(Z) = / u(y)da)^(y)^ / V|£(X - 3;) ^^^(3;). 

We would like to point out that we have implicitly used uniqueness of the solution 
which follows from the maximum principle even for an unbounded domain since 
V|£(X - Z) — > as Z ^ 00. We apply (2.56) with Z = Xq and note that since 
\X - Xq\ ~ i{Q) for every X e BqC\ Q.ext, we therefore obtain 

\h{X)\ = (r(0|V|£(X - Xq)\ < CT{Q) \X - Xq\'^"^'^ ^ €{QT\ 

For /i , we observe that O is an approximating domain whose boundary consists 
of portions of faces of fattened Whitney cubes of size comparable to 2"^. Thus, its 
(outward) unit normal v is well defined a.e. on dQ., and we can apply the divergence 
theorem to obtain 

h{X) = CT{Q) V| / £(X - 3;) (772(3;) - 1) dJ(i{y) 

JdQ. 

= cr{Q) V| / B{X - y) (rjQiy) - 1) VyG{Xq, y) ■ v{y) da{y) 
Jaa 

^cr{Q)^l rr divy(£(X-F)(77e(y)-l)VyG(Xe,F))J7 

= T{Q)Vl ff VY{G{X-Y)){T]Q{Y)-l)VYG{XQ,Y)dY 
JJci 

+ CT{Q) V| £(X - F)V77e(F) VyG{Xq, Y) dY 

+ cr((2)V| Jj £(X-F)(77e(F)- 1) divKVFG(Xg,7))^/7 
=:/n(X) + /i2(X) + 0, 

where we have used that the term in the next-to-last line vanishes, since tjq - \ 
is supported in R"^' \ 4Sg, and since Xq € Bq implies that G{Xq, •) is harmonic 
in Q \ Bq. Notice that the integration by parts can be justified even when O is 
unbounded, since £ and G have sufficient decay at infinity. 

We estimate the terms I\i and I\2 in turn. First, notice that if X € Bg and 
y e a \ 4Be we have r{BQ) < \Y - xq\ w |F - Xq\ « |F - X|. Then, writing 
SkiQ) = 2*^""' Bq \ 1^ Bq, k>2, and using that 773 - 1 is supported in ]R"+^ \ 4Bq, 
we have that for every X e Bq, 

(2.57) |/ii(X)| < cr(e) rr |V2 Vy£(X - 7)1 |77e(y) - 11 |VyG(X2, 7)|J7 

JJii 

<o-(Q) ff |7-Xr("+2)|VyG(Xe,7)|cf7 

JJn\4 Bq 
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<'r{Q)y2 rr \Y-XQ\~^"^^^\VYG{XQ,Y)\dY 
JJcinSk(Q) 

<^(er' V2-<"+2)'^ rr \VYG(XQ,Y)\dY 
JJQnStiQ) 

CO 

k=2 

To estimate 1^ we cover 5^(2) by a purely dimensional number of balls meeting 
SkiQ) and whose radii are 2^~^ r0Q)- Then, it suffices to get an estimate with the 
integral restricted to such a ball B^. We may assume without loss of generality that 
2Bi: <t 0.^x1 for otherwise we have that Q. n S^iQ) n = 0. We then have two 
cases: 2 8^ cz Q. and 28^ <t Q.. In the second case, since 2 is neither contained 
in Q. nor in 0.ext, there exists € n 2 B^,. We then set = Biy^, 3 r{Bu)), 
and observe that this ball is centered on and contains B^. Since G{Xq, •) is 
harmonic in 2B,t n H and vanishes on d£l, and since Q is an approximating domain 
in which the Gauss/Green theorem holds, we can use Caccioppoli's inequality at 
the boundary to write 

IkM-- rr \^YG{XQ,Y)\dY 
JjQ.nSk(Q)nBk 

< rr \yYG{XQ,Y)\dY 
JJcinBk 

<\Bk\^- ( ff |VyG(XQ,F)pfify 

< (2^ {{Q))"t^ r{Bk)-' f rr 1*^(^2' 

\JjQ.r\lBk 

= 2U{Q), 

by the size estimates for the Green function plus the fact that \Xq - F| > 2^~'^ K^g) 
forF€Qn25t. 

In the other case, i.e., when 2B^, c Q., the situation is simpler: we just use 
the (interior) Caccioppoli inequality and repeat the same computations with B^ in 
place of Bk- Summing over the collection of Bjt's covering SkiQ), which for fixed 
^ is a family of uniformly bounded cardinality, we conclude that 

(2.58) Ik<2''m). 
We plug this estimate into (2.57) to obtain 

CO 

k=2 

Let us estimate IniX). We notice that V?7q is supported in 5 Bq \ 4 Bq. Take 
Y e 5Bq\ABq. \iX e Bq then \X - Y\ x \Xq - Y\ k £{Q) which yields 



1/^ 



l/Z 
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|V|£(Z - Y)\ <\X- X Then using (2.58) with k = 2we obtain 



i/i2(x)i < {{Qv^ ff WrGiXQ, Y)\ dY < mv^ii < m)'' 

JJnn5BQ\4BQ 



Collecting our estimates for In and In we have shown that < {(Q) ^ 

Thus, for all X e BqD Q^xt we have 

\yjcSbQ(x)\<cmr'- 

Remark 2.59. In the previous argument, for the estimate of /i we have only used 
that X € Bq and we have not used that X € ^ext- 

Next we let X e BqDQ, and suppose first that 6(X) > i{Q). If j € 5Ag we have 
|V|£(Z-3;)| < |X- jr(«+i) < < ^(0-("+i>. Consequently, 



\VlSbQ{X)\ 



da 



Vl&{X-y)bQ(y)da(y) 



<^(er'a;*e(5Ae)<^(eri. 



It remains to treat the case X e Bg n Q, with 5{X) < ci(Q), where c is to be 
chosen. Notice that 

2{(Q)/C < 6(Xq) < \Xq -X\ + 6(X) < \Xq - X\ + c{{Q). 

Then we pick c < we obtain \Xq - X| > £{Q)/C. Next, we write as before 
VlSbgiX) ^ Ii{X) + hiX). For h, since X e Bq, by Remark 2.59 we conclude 
that < ^(2)"^ For h we observe that (2.1) gives 



1/2(^)1 - (T{Q) 



[ ^\&{X-y)da/Q{y) = a{Q)\^l{&{X - Xq) - G{X,Xq))\ 
Jda 

< criQ) \X - Xq\-^"^'^ + criQ) \vIG{X,Xq)\ < ({QT' + cr{Q) \vIG{X,Xq)\. 
Therefore, collecting all of our estimates, we have shown that for every X € Bq, 
(2.60) \^lSbQ{X)\ < C my' + criQ) |V|G(X, XQ)\xf,^^^^^s(X)<ccmi^)- 
Notice that if x e dQ. then 



^ J J/ 5(F)"- 1 



where we have used that ttCIVg/ unV'g?) < Cco- Therefore, using (2.55) and (2.60) 
we have 

, 2 

2 



JJaq(x) 



Aq(x) 

Q \JJAq(x 



(5(F)"-i 
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+ (T{Q)i [ I ff |v2G(y,Xe)|2-^ I d(T{x) 

jQ \JJAQ(x)n{6(Y)<c{{Q)] 0{r) J 

<CTiQ) + 0-{Qf [ SQU{xfd(T{x) 

JQ 

where we set u{Y) = VyG{Y, Xq) and 

SQu(x)=lff WuiYf-^] , Tq{x):= U Uq. 
We claim that 

(2.61) S Qu{xf dcr{x) < o-iQf''' . 

jQ 

Assuming this momentarily we obtain as desired (2.53): 

Modulo the claim (2.61), we have now verified all the hypotheses of Theorem 2.50 
and we therefore conclude that (2.54) holds. The latter in turn implies that dQ. is 
UR (see [DS2, p. 44]). 

To complete this stage of our proof, it remains to establish (2.61). We do this in 
Section 2.5, after first proving a bound for the square function in terms of the non- 
tangential maximal function in Section 2.4. As mentioned before, at present, Q 
is actually an approximating domain (i.e., O stands for Q.^ with large enough). 
Thus, the conclusion that we have obtained in the current step is that for every 
N ^ 1, we have that has the UR property with uniform constants. In Section 
2.6 we show that this property may be transmitted to Q., thereby completing the 
proof of Theorem 1.22. 

2.4. Step 3: Good-i inequality for the square function and the non-tangential 
maximal function. We recall that Uq = Unv^ ^* with /* = (1 + X)I, where < 
/t < /io/2 was fixed above. As mentioned in Remark 2.37, since < 2 A < Aq, 
the fattened Whitney boxes /** = (1 + 2A)I, and corresponding Whitney regions 
U*Q := Unv* ^** srijoy the same properties as do / and Uq. 

Let us set some notation: for fixed Qo € D, and for x € Qq, 

5eo"W=(rr l^"(^)l'77^) ' Nq,Mx)= sup \u{Y)\ 

where 

TgoW- U ^Qo(^)-= U U*Q. 

xeQeDQ^ xeQeDQ^^ 

We also define a localized dyadic maximal operator 

MqJ{x)= sup -f \f(y)\dcT(y). 

xeQeDQg Jq 
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Given any Q e Dg^, for any family c Dqq of disjoint dyadic cubes we define 
the fattened versions of the Carleson box Tq and the local sawtooth ^t.Qo by 

fa -int U WqV i^r,eo-int U 

\eeDeo / \eeDr,eo 
It is sti'aightforward to show that there exists kq (depending on Kq) large enough 
such that 

(2.62) c B{XQ^, Ko mo)) n a. 

Let us write Bg^ - B{xq^,kqI{Qq)) and note that in particular, for every x e Qq 
and every pairwise disjoint family c Dg^, we have 



(2.63) Tq,{x) c re„(x) c Tq, c n Q , ar,Q, c Tg^ c n Q. 

Proposition 2.64. Given Qq € D, /e? u be harmonic in 2B'q^ n Q. T/jen, /or every 
1 < q < oo we have 

(2.65) 115 QouWmQo) < C ||^go,*"llL''(eo)' 

provided the left hand side is finite. 

Remark. Let us emphasize that in this part of the argument, u is allowed to be any 
harmonic function in 2Bg^ n O, not only VG(-,Xq) as above. 

Proof. The proof is based on the standard "good- /I" argument of [DJK] (see also 
[Br]), but adjusted to our setting. Fix 1 < ^ < oo and assume (qualitatively) that 
the left hand side of (2.65) is finite. In particular we have that 



T SQ,ud(r< { T {SQ^^u)^do-] < oo. 

We consider first the case that A> j^ S q^u dcr. Set 

Ea = {xe Qo : Mq,{S q,u){x) > A} . 

Then by the usual Calderon-Zygmund decomposition argument, there exists a pair- 
wise disjoint family of cubes {Pj}j c Dq, \ {Qq}, which are maximal with respect 
to the property that j-^ SQ^udcr > A, such that - ^jPj- Let Pj denote the 

dyadic parent of Pj. Then Pj must contain a subset of positive cr-measure on 
which S Q^^u{x) < A, by maximality of Pj. Fix a cube in {Pj\j, say Pq, and set 

FA = {xePQ: SqqU{x) > I3A,Nqo,Mx) < r^l 
where /3 > 1 is to be chosen and < y < 1. We are going to show that 

fr(F,) < CrV(Po). 

Assume that (t(F^) > otherwise there is nothing to prove. We claim that if /? is 
large enough, depending only on the ADR constants, then cr(7^^) < <t{Po). Other- 
wise, we would have S q^^u{x) > /^Afoi a.e. x e Pq and then by the maximality of 
Pq and the fact that dD. is ADR, 

PA< T SQ,udo-<C\ T SQ,udo-<C\A. 
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Choosing yS > Ci, we obtain a contradiction. Thus, cr(F^) < cr(Po), so by the inner 
regularity of cr, there exists a compact set F cz F;i cz Pq such that 

< ^ cr(F^) < (r{F) < (t{F^) < cr(Po). 

Since cr{F) < o"(Po), it follows that int(Po) \ P is a non-empty open set. By a 
standard stopping time procedure, we may then subdivide Pq dyadically, to extract 
a pairwise disjoint family of cubes 'F = {Qj}j c Dp^ \ {Pq}, which are maximal 
with respect to the property that Qj D F = 0. 

We see next that F = Po\ {^rQj)- If x e P c Pq and x e Qj then x e Qjr)F 
which contradicts the fact that QjHF = 0. On the other hand, let x e Pq \ (Uj^gj). 
Pick Qf € the unique cube containing x with e{Qf) = 2''' ((Pq), k > I. Note 
that Ql D F 0, otherwise Qf c Qj for some j and we would have x € Qj. Let 
Xk € Ql n F. Then \xu - x\ < €{Ql) = 2"'' {(Pq) and therefore Xk ^ x a& k ^ oo. 
Since F is closed and x^ e F we conclude that x e F as desired. 

Notice that for any x e F - Pq \ (U^Qj) and for any z e Pq we have that 

reoW= [J Uq=( U ^e)u( U ^o) 

Let us recall that Pq is a Calderon-Zygmund cube in Ex and that we can pick 
Zo e Pq with ^gnMCzo) < ^ (indeed we know that this happens in a set of positive 
measure in Pq.) Then for any x e P c P^ we have 



(2.66) ^X<Sq,u{x^^\\\ |Vm(7)|2 

\JJroJx: 



6{Yy 





|Vm(F)|^ TTT^ I +111 |V«(F)|' 



2 I , I I I ir7../vM2 

5(y)"-i 



S p^uix) + S QgUiZo) 
< S P(,m(x) + A 

and therefore P c {x e Pq : S p„m(x) > (yS - 1) /t). 
Next we claim that 

(2.67) J rp„(x) c [J UqC a^,p„ 

where O^ p^ is the fattened version of 0.t,Po defined above. The second con- 
tainment in (2.67) is trivial (since Uq c U*q), so let us verify the first. We 
take Y e rpQ(x) with x € P. Then, Y e Uq where x e Q e Dp^. Since 
X e P = Pq \ i^rQj) we must have Q e (otherwise 2 c Qj for some 2y € 
and this would imply that x e 2^) and therefore Q e p^ which gives the first 
inclusion. 
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Write oji, - a)f" to denote the harmonic measure for the domain O.'j^p^ where 
Xq = is given in [HM, Proposition 6.4] and [HM, Corollary 6.6] (which we 
may apply to 0.t,Po place of 0.t,Po since < 2 A < Aq, see Remark 2.37). Let 
us also write §*(F) to denote the distance from Y to dClf^p^, and (5* to denote the 
corresponding Green function. Given Y e 0.<f pg , let us choose yy € dQ.<f such 
that \Y - yy] = 5*(i'). By definition, for x e F and 7 e Tpgix), there is a g e Dp^ 
such that Y e Uq and x e Q. Thus, by the triangle inequality, and the definition of 
UQ,we have that for Y eVp^ix), 

(2.68) \x - yy\ <\x-Y\ + h{Y) « S(Y) + h(Y) « 5^(7) , 

where in the last step we have used that 



(2.69) 6{Y) w 6^iY) for F € |J U 



Q- 



Then, since F = Po \ i^^Qj) c dQ. n dCl^yr p^, see [HM, Proposition 6.1], we have 
(2.70) oj^(F)iA(J3-l)f = j {A(p - l)f dcb^ < j^S p,u{xf dcb^ix) 



If ffrj 

I! 



1 



\VuiY)\^6{Y) { — — / dCb^ix) 1 dY 



U Uq \^(Y)" JFnB(yy,CS^.(Yy) 

,~ ajl°(Ai,(yy,C3i,(Y)) 



where we have used (2.68), (2.67)and (2.69). 
We now claim that for Y € H^ p^, we have 

2 a>^°(A^(yy,Cg^(y)) ^ G^(Xo, Y) 

(Cd^iY))" ~ 5*(y) 

Indeed, if 5*(F) < 5*(Xo)/(2C), then (2.71) is immediate by Lemma 2.11 and 
(2.10). Otherwise, we have 5^{Y) « 6^{Xo) « ^(Pq) > |Xo - F|, whence (2.71) 
follows directly from (2.8) and the Harnack Chain condition, and the fact that har- 
monic measure is a probability measure. 

We recall that by hypothesis, u is harmonic in 2Bg^ n Q D ^t,Pq (cf- (2.63)). 
Let X := V • V denote the usual Laplacian in R"'^\ so that £.{u^) = 2 1 VmP in Clf p^. 
Combining these observations with (2.70)-(2.71), we see that 

(2.72) aj^{F){A(fi-l)f < f[ \Vu{YfG^{Xo,Y)dY 



ff- 

" 2 iLr 



£{u^){Y)G^{Xo,Y)dY 



-^uiXof + ^ I uiyfdo/tiy). 



2 ^ ' 2 
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where the last step is a well known identity obtained using properties of the Green 
function. 

Let Y e Cl-jr p^, so that Y e U*q for some Q e Hf-^p^. By definition of B-jr p^, this 
Q cannot be contained in any Qj e "F. Therefore, Q D F 0. Indeed, otherwise 
Q f] F = 0, which by maximality of the cubes in "F, would imply that Q c Qj for 
some Qj e a contradiction. Thus, there is some x e Qn F which then satisfies 
X e Pq \ (Uf-Qj) and x e Q e Bp^. Hence, Y e U*q c Tp^ix) with x e F. Since 
F <z F^vje. have that 

\u{Y)\ < sup \u{Z)\ < Nq^^^u{x) <yA. 

Thus, \u{Y)\ <y A and in particular u{Y) > -y A, for all Y € ^t,Po- Next, we apply 
[JK, Theorem 6.4] to the (qualitative) NTA domain O^ p^ (we recall that, in the 
present stage of the argument, Q. is actually for some large N, which satisfies 
the qualitative exterior Corkscrew condition (Definition 2.5); thus, the bounded 
domain Cl<f p^^ enjoys an exterior Corkscrew condition with constants that may 
depend very badly on N.) Of course, the interior Corkscrew and Harnack chain 
constants, as well as the ADR constants, are controlled uniformly in N). Conse- 
quently, we obtain that u has non-tangential limit aj*-a.e.. Since \u{Y)\ < y Afox 
every Y € Cl<f pg, its non-tangential limit therefore satisfies this same bound <l>i,- 
a.e., i.e., for tl>*-a.e. y € dCl<f Pg we have \u(y)\ < y A. Consequently, by (2.72), we 
conclude that oj^{F){A(/i- l)f < {yAf and then oj^{F) < y^. 

We use the notation of [HM, Lemma 6.15] (with O.-jr p^ and ojJ" in place of 
^T,Qo and oj^"). Since Pq is not contained in any Qj e F, 

^rv(Po) = -?(po\(u^e;))+ E "?(of^ "*°^^^-^ 

Qjer.QjQPo 

> ^?(a:°), 

where in the third line we have used the doubling property of co^" (plus a subdivi- 
sion and Hai^nack Chain argument if i(Qj) ~ ({Pq)), and in the last line we have 
used [HM, Proposition 6.12], along with [HM, Proposition 6.1] and [HM, Propo- 
sition 6.3] and the doubling property to ignore the difference between Q \ {^fQj) 
and Q n ^O^^g,,. Also, A^" - A^''{xp^^,tp^^) is a surface ball such that Xp^ e dQ.f^p^, 

tp^ K {{Pq), dist(Po, A^") < {(Po), and the implicit constants may depend upon Kq, 
see [HM, Proposition 6.12]. Using Lemma 2.2, Harnack chain and [HM, Corollary 
6.6] it is immediate to show that aj^°{A'l°) > C and therefore PjrviPo) > C. On 
the other hand, since F = Po\ {^tQ]) we conclude that 

'^^,^'Prv{F) = chl\F)<y\ 
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Thus Hamack chain, [HM, Corollary 6.6] and [HM, Lemma 6.15] imply 
(2.73) 

where we recall that Ap^ c Pq c Ap^. 

We need the following auxiliary result, the proof is given below. 

Lemma 2.74. Assume (2.49). Tlwn, given a surface ball Aq = BqC) dQ.for every 
A = BndQ. with B c Bqwc have 

(2.75) (^j- {k^^Y do-^ j '^^ 

Notice that this result says that ^'^^o e RHpiAo) c Aoo(Ao) for all Aq and the 
constants are uniform in Aq. Since Aoo(Ao) defines an equivalence relationship (on 
the set of doubling measures on Aq) we obtain that cr € Aoo(Ao, co^^o) for all Aq and 
the constants are uniform in Aq. Thus, there exist positive constants C and ■& such 
that for every Aq = BqC] dQ., A = B D dD. with B c Bq and every Borel set E we 
have 

o-(A) ~ Vt^^''o(A) J 

We apply this with A = Aq = Ap^ and with E - F c Pq c Ap^. Then, Lemma 2.2 
and (2.73) imply 

Let us recall that cr{Fx) < 2 cr{F) and therefore we have obtained 

(2.76) (t{[x e Po : S q,u{x) > 13 A,Nq^^,u{x) < y X\) < C y^'^'^(r{Po), 
where all the constants are independent of Pq. 

We recall that Pq is an arbitrary cube in {Pyly, which is a family of Calderon- 
Zygmund cubes associated with E,i for A > j-^^S QgUdcr. In addition, for cr-a.e. 

X e Qo such that SQgU{x) > /3A, we have A < (3 A < S QgU(x) < Mq^ {S q^u) (x) 
and therefore x e E;i. Using these observations and (2.76) in each Pj, we obtain 

o-{{x e Qq : S q^u{x) > (3 A,Nq^^^^u{x) < y A]) 

= cr[{x e go : Sq„u{x) >/3A,NQg^Mx) < ri} nS^) 



^o-{{xePj : SQgU{x) > 13 A,Nq^^^u{x) < y A}) 
j 



j 

<C/^^^^cr(P,) 
^Cy'^^'aiE,) 

- Cr2'?/V({x e Qo : Mq,(S q,u) > A}). 
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Thus, we have shown that for every A > S q^u dcr we have 

(2.77) (r{{xeQo : S q,u{x) > (5 A,Nq^^,u{x) < y A}) 

< C/V({x e 20 : Me„(5Q„M) > ^)). 

Let us now consider the case A < j-^^ S Qf^udcr. We are going to show that 

(2.78) cr{{x e : S q,u{x) > ^A,Nq^^Mx) < 7 A]) < C/V(!2o). 

We repeat the previous computations with Pq = Qq with the main difference 
that Pq is no longer a maximal Calderon-Zygmund cube. We take the same set F^i 
and we assume that cr(F^) > 0, otherwise the desired estimate is trivial. Before 
we used the maximality of Pq to show that cr(F^) < o"(Po) for yS large enough and 
this was only used to obtain that (t(F) < cr(Po)- Here we cannot do that and we 
proceed as follows. By the inner regularity of cr we can find a compact set F, such 
that i= F c FaC Poand 

< ^ cr(F^) < (r{F) < cr{F;d < (t{Pq). 

If (r{Fx) < cr{Po) or cr(F) < o"(F^) we set F = F and we have cr(F) < cr(Po). 
Otherwise, i.e., if cr{F) = o-{Fx) - cr{PQ), we use the following lemma: 

Lemma 2.79. Let Q have the ADR property with constant Ci, i.e., 

Ci^r" < cr(A(x,r)) < Ci r" 

for all X e dQ. and < r < diam dQ. Let Q e D and recall that there exists 
Aq - A{xq, rg) with rg w £{Q) with the property that Aq c Q c A{xq, Cj fQ)for 
some uniform constant C2 > 1. Take tq = (2C^)~^^" and set Aq = A{xq,to rg). 
Then, 

Af c Ag c e and (2 C'ly'aiQ) < ct(^) < ^ (t{Q). 

Assuming this momentarily (the proof is given below), we apply this result to 
Po- Set F = F D A^p^ c F which is a compact set. As we have F c Pq and 
cr(P) - o-{Fx) - o-{Pq) we obtain 

(2 C\ C'ir'criF,) - (2 C^')" V(Po) < ct(A%) - (r(Af n P) + (r(Af \ P) 

< CT{F) + cr(Po \ P) = CT{F) < cr(Kg) < ^ cr(Po) - ^ ct{F,). 

Thus, we have found a compact set P such that F (Z F^ (Z Pq and 

< (2 Cf C^)- V(P,) < cr(P) < (T(P,) - cr(Po). 

This allows us to run the stopping time argument and find the family !F as before. 
We then continue the argument and notice that in (2.66), we used the maximality 
of Pq. Here, the analogous estimate is trivial: since Pq = Qo, it follows that for 
any x e P c P^i, we have S p^^u{x) = S Qg{x) > pA > (J3 - I) A and therefore 
P c {x e Pq : S PgU{x) > (P - I) A). From this point the proof continues without 
change (except for the fact that we have a"(P^) < o"(P) in place of cr(P^) < 2 cr(P)), 
so that (2.76) holds, and in the present case this is our desired estimate (2.78). 
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Let 1 < <7 < oo and write aq^^ - j-^^ S q^u dcr < oo. Then 

ll'^Go"lli.(eo) =1^' € Go : Sq,u{x) >I3A}) — 

<y6'' / qA'icr{{x e Qq : S q,u{x) > A,Nq^^,u{x) < y A]) — 
Jo A 

+ OS/r)'^ll^eo,*"lli.(e„) 
= ■■■-T^l^ • • • T + OS/r)^ ll%.*"lli.(eo) 

-/ + // + \\NQ,,M\%(Q,y 

For / we use (2.78) and Jensen's inequality: 

rogo dA 

I < c rV ^^(20) ^ T = <^ ^(2o) < c / IIS Q,u\\mQor 

For // we use (2.77) and the fact that Mq„ is bounded on W{Qq) (notice that Mq^ 
is the locaUzed dyadic Haidy-Littlewood maximal function and we can insert the 
characteristic function of Qq in the argument for free): 

II<Cy'^P'> / qA'i(r{{xeQo:MQ,{SQ,u)>A}) — 
JaQ^ A 

Gathering the obtained estimates we conclude that 

WSqouW'Uq,) < Cy^'n" l|Se„i.||i,(g„) + (jilyf ll%,*«lli,(e„). 

Choosing y small enough so that C y^' yS'^ < ^ the first term in the right hand side 
can be hidden in the left hand side (since it is finite by assumption) and we conclude 
as desired (2.65). □ 



Proof of Lemma 2.74. Notice that in proving (2.75), we may suppose that the balls 
B and Bq have respective radii «; r^j,; otherwise, if ~ rg^, then (2.75) reduces 
immediately to (2.49). We now may proceed as in the first part of the proof of 
Proposition 2.41 in order to use Corollary 2.36: we take A = B n H and for every 
Y eQ. \ IkqB we have 

-f k^do-K w^(A) -f k^" da- B' c B. 
Ja' Ja' 

By the Harnack chain condition this estimate holds for Y - Xaq. Then for c-a.e. 
jc € A we take B' = B{x,r) and let r ^ to obtain k^''o{x) x aj^^o{A)k^^{x). 
Consequently, by (2.49) we have 

{k'^-of do-^ " < oj^'H^) {k^-y do-^ " < ^^^^ = j^^k^^o da. 



□ 
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Proof of Lemma 2.79. The proof is almost trivial. What Ag c Ag follows at 
once from the fact that tq < 1. On the other hand, let us notice that Ag c 
A(;cg, (3/2)^^" To rg) and therefore the ADR property gives 

(r(Af ) < ct{Mxq, (3/2)1/" ^^^^ < Ci ^ r'^ = \^'^'''q^\ ^(^2^ 

and 

(^(G) < cr{^{xQ, C2 TQ)) < Cy CI r" < C\ C\ V(A"J) <1C\C\ (t{^) . 

□ 

2.4.1. Good- A inequality for truncated cones. In order to apply Proposition 2.64 
we need to know a priori that ll'S'Qo"lli''(eo) < °° (qualitatively), which can be veri- 
fied as follows. Since Q/v satisfies the exterior corkscrew condition at small scales, 
we may invoke [JK] to control the square function by the non-tangential maximal 
operator with constants that may depend on A'^ (we recall that at this stage Q. - Q.^), 
but this gives, in particular, qualitative finiteness of the square function. The results 
of [JK] apply to square functions and non-tangential maximal functions defined via 
the classical cones Yq,{x) i— {F € O i |F — jc| < (1 -i- cc) (5(y)}, but our dyadic cones 
may be compared to the classical cones by varying the aperture parameter a. Thus, 
we may infer also that the our square function has (qualitatively) finite LP norm, 
given finiteness of our non-tangential maximal function, so we may then apply 
Proposition 2.64 to obtain that (2.65) holds with uniform bounds. 

There is, however, a different approach that consists of working with cones that 
are "truncated" so that they stay away from the boundary. This in turns implies 
that the truncated square function is bounded and therefore that the corresponding 
left hand side is finite. Passing to the limit we conclude that the a priori finiteness 
hypothesis can be removed from Proposition 2.64. We present this argument for 
the sake of self-containment, and because the argument is of independent interest. 

Before stating the precise result we introduce some notation. Given Qo, we take 
k > KQo) + 2 (recall that kiQo) is defined in such a way £{Qo) = 2"*^(2o)) ^ large 
enough integer (eventually, k t °o)- We define Yq^^{x) to be the truncated cone 
where the cubes in the union satisfy additionally {(Q) > 2"*^. The corresponding 
truncated square function is written as Sq^. 

Proposition 2.80. Given Qq € D, let u be harmonic in 2B'q^ n O. Then, for every 
I < q < oo and for every k> k{QQ) + 2we have 

(2.81) WSQouWmQo) < CWNQg^MknGo)^ 

where the constant C is independent ofk and consequently (2.65) holds whether or 
not the left hand side is finite. 

Proof. It is straightforward to see that the truncated cones are away from the 
boundary: the cubes that define the cones have side length at least 2"*^ and thus the 
corresponding Whitney boxes have side length at lest C2^'^, thus dist(rg^j, 5fl) > 
2'^. Note that u is harmonic in 25^^ n Q. and therefore smooth in | n {F e 
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Q. : 6(Y) > 2 *^}. Thus, (2.63) implies |Vm| < Cq^xu ^\)o'^^)^ ^ ^ 2o> and conse- 
quently for every x e Qqsnq have S'q^u € U°{Qq). The bound may depend of k, Qq 
but we will use this qualitatively and a not quantitatively. Note also, that if 2 e Dg^ 
with 1{Q) - 2~'' then Tq^{x) does not depend on ;c e 2 (i.e. ^Qi^{x) = ^g^ix') for 
every x, x' € Q) and thus ^q^^m is constant on Q. 

Let us write Alg^ for the truncated dyadic maximal function where the cubes 
in the sup have side length at least . Associated to ^q^m, and for each X > 
i^o ^Qo '^^ define the con^esponding E^; we clearly have - ^jPj with Pj 
being maximal cubes as before satisfying further {(Pj) > 2"*^ (note that as we have 
observed that S is constant on cubes of size 2"^^ we could have taken Algo ob- 
taining the same family {P j} with the same properties.) Fix one of these cubes 
Pq and define F,i with the truncated square function S replacing S — we do 
not truncate the non-tangential operator. Then we proceed as before, assume that 
o"(^/i) > and find the corresponding set F, and a family T with the same proper- 
ties as before. We can easily see that ^g^ix) c Tp^{x) U ^g^^iz) for every x e F and 
z e Pq- Then, since Pq is a Calderon-Zygmund cube in E;i, we can pick zo e 
with Sq^u{z) < A (indeed we know that this happens in a set of positive measure in 
Pq.) Then for any x € F cz F^ , v/e have 

(2.82) /3A< S'UMx) 




n-l 



SiY) 

'PgUix) +Sq^u{zo) 
< S PaU{xf + A 

and therefore F c {;c e Pq : S),^^u{x) > (fi - I) A}. 

Next, using that Sp^u{x) < S PgU{x) we easily obtain (2.70) and from this point 
the argument goes through without change. Thus, we obtain the following analog 
of (2.76) 

(2.83) (r{{x e Pq : 5^g„M(x) >^^,%,,m(x) < y A}) < C y^^'^aiP^), 
where all the constants are independent of Pq and k. 

Let us consider the case A < SnU da. The same argument as before works 
in this case and we easily obtain 

(2.84) (T{{x e Qo : 5*g„M(x) > [3 A,Nq,,,u{x) < y A}) < Cy^'criQa). 

Gathering (2.83) and (2.84) and repeating the computations above we conclude 
that 

W^Qo^WhiQo) ^ c/'p'' Il5'e„«lli,(e„) + (fi/y)' \\NQ,,M\UQ^y 

where all the constants are independent of k. As observed, the fact that we are 
working with truncated square functions gives us that Sq^u e L°°{Qo) (we use this 
in a qualitative way but not quantitatively). Thus, choosing y small enough so that 
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Cy^ < J the first term in the right hand side can be hidden in the left hand side. 
Hence, we obtain as desired (2.81) 

\\Sk<nQo)^C/S'l\\NQ,,M\UQo) 
where C is independent of k. Letting k ^ oo, the monotone convergence theorem 
gives (2.65) without assuming that the left hand side is finite. Thus we have proved 
a version of Proposition 2.64 where there is no need to assume that the left hand 
side is finite. □ 

2.5. Step 4: Proof of (2.61). In order to obtain (2.61) we shall use Proposition 
2.64, applied to m = VG, with our exponent q - p. Thus, we need to study the 
non-tangential maximal function of u, and it suffices to do this for each component 
of u, i.e., for any given partial derivative of G. More precisely, we set u{Y) = 
dYjG{Y,XQ), where Xq is the corkscrew point associated to Aq defined in Section 
2.3. As mentioned there, Xq ^ 6Bq with Bq - B{xq,k\ €{Q)) and ki > kq. In 
particular Xq i 6 , so that u is harmonic in 2Bg n Q. 

Proposition 2.85. We have 

|feM|li,(g)<C(r(0>-^ 

Proof. Let x e 2 and Y e f g(x). By (2.63) applied to Q in place of Qq we have 
tQ{x) c B^' n a and therefore u is harmonic in 5(7, 3 (5(F)/4) c We then 

obtain by the mean value property of harmonic functions, Caccioppoli's inequality, 
the Harnack chain condition and Lemma 2.1 1, that 



<f |VzG(Z,X2)|JZ<5(y)-M f G(Z,Xg)2jZ) 

JB(YMY)H) \Je(y,|<5(F)) ) 

^ G(F,Xg) G{X^„Xq) uj^Q{Ay) 



~ 6{Y) 6{Y) (5(F)" 

where Ay = A(y, 6(Y)), with y e dO. such that \Y - y\ = S{Y). It is easy to see that 
we can find C large enough so that x e A(y, C 6{Y)) and Ay c C Aq. As usual, we 
let denote a Corkscrew point with respect to C Ag. Then, 



|m(F)|<— !— / Fej(^<_!_ [ k^Qxrk dcr 

Ja{y.CS(Y)) 



W ' JA(y,CS(Y)) 

where in the next-to-last inequality we have used the Harnack Chain condition. 
Therefore, using that q = p and (2.49), we obtain 



s{Yr 



WNq^MIUq) < l|M(/"C.;^cA,)llL.(e) ^ (^"""O' 



□ 
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Now we ai^e ready to establish (2.61). Given Q e I}, we first apply Propo- 
sition 2.80 (or else Proposition 2.64) with q, with Q in place of Qo, and with 
u = dYjG{-,XQ) as above, since the latter is harmonic in 2Bq n Q. Then, using 
Proposition 2.85, we obtain as desired that 

ll'^e"lli.(e) <c\\Nq,M\Uq) < C(T{Q)'-^. 

2.6. UR for Q. To conclude the proof of our main result we see that the UR prop- 
erty for the approximating domains Q.;^ with uniform bounds passes to O. As ob- 
served before, as a consequence of the Tb theorem Theorem 2.50 we have obtained 
that (2.54) holds for tl^v with uniform bounds. This in turn implies that is UR 
(see [DS2, p. 44]) with uniform bounds. To obtain that this property is preserved 
when passing to the limit we use an argument, based on ideas of Guy David, along 
the lines of [HM, Appendix C] (indeed the present situation is easier) where we 
have to switch the roles of O and Qat. 

To show that Q has the UR property we use the singular integral characteriza- 
tion. We recall that a closed, n-dimensional ADR set E c R"^^ is UR if and only if 
for all singular kernels K as below, and corresponding truncated singular integrals 
Te, we have that 

(2.86) sup I \TJ\^dW<CK [ \f?dH\ 

e>0 JE JE 

Here, 

TE^sfix) = TJ{x) ■- K,{x - y) f{y) dH"(y) , 

where K^{x) ■- K{x)0{\x\/e), with < O < 1, 0(p) = 1 if p > 2, 0(p) = if 
p < 1, and O € C°°(]R), and where the singular kernel K is an odd function, smooth 
on R"^^ \ {0), and satisfying 

(2.87) \K{x)\ < C\x\-" 

(2.88) \y'"K(x)\ < C,n \x\-"'"' , Vm - 1, 2, 3, . . . . 
We also introduce the following extension of these operators 

(2.89) TeAX) ■- j^K{X-y) f(y) dH"(y) , X e R"+> \ E. 

We define non-tangential approach regions Tf{x) as follows. Let "We denote the 
collection of cubes in the Whitney decomposition of R"^' \ E, and set "Wrix) := 
{/ e "We : dist(/, x) < tI{I)]. We then define 

Yf(^):= U r 

(thus, roughly speaking, t is the "aperture" of Xf (;c)). For F e C(R"''"' \£') we may 
then also define the non-tangential maximal function 

Nl,{F){x):= sup \F{Y)\. 
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Let US recall [HM, Lemma C.5] which states that if £ c l.""^^ is n-dimensional 
UR, we then have 

(2.90) / {Nf,{TEf)f dH" < Cr,K [ IffdH". 

JE JE 

for every < t < oo and with Cr,K depending only on n, t, K and the UR constants. 

After these preliminaries, in order to show that dQ. is UR we take one of the 
previous kernels K and form the corresponding operators Tf- = Tque- Fix e > 
andN > 1 such that s » 2"^. We write dfl = UjQj with Qj e D/v(5Q). For 
fixed j, if we write Qj for the dyadic parent of Qj, we have by construction that 
Xq. € mt{UQ.) c QiM. Then in the segment joining xj (the center of Qj) and Xq. 
there exists a point xj € dQ.^. Next we take Qj{N) the unique cube in 'Dj^{dQ.i^) 
such that Xj e Qj{N). Note that we have dist(2^-, Qj{N)) w 2"^. Since dO.^ is 
ADR with uniform bounds in A'^, any given Q{N) € D((9Qa') can serve in this way 
for at most a bounded number of Qj € D((9n). Thus we have 

(2.91) Yl le^wW^C, WxedQN. 

QjeDNidO) 



As usual, we set <t := H"\d^, and we now also let ctn := //"bti^. For r large 
enough, we have that if x' € Qj{N) and x e Qj, then x € T^""(a;'). Thus, 

/ ITanjfdcr^ Y [ WaajUo- 

= yZ — ,i ,.T^^ I I \7'aaNf{x)f do-{x) do-Nix') 

^ ^l^,r,r.."'N{QjW) JQj(N) JQj 



QjeBNiaSi) 

< 



Y I {Nt^'r' {TaClj)f daN<Cr,K f \fU(TN, 

where in the last line we have used first the ADR properties of dQ.^ and dQ., and 
then (2.91) and (2.90) with E = dQ.N (as we may do, since dQ.N is UR with uniform 
bounds). In particular we observe that Cr,K is independent of A'^. 

Thus we have shown that T^jn^. '■ L^idQ.N) L^{dQ.). Since the kernel K is 
odd, we therefore obtain by duality that 

(2.92) Tea : L^{dQ.) ^ L^idQ-N)- 

Let us now observe that is odd, smooth away the origin and satisfies (2.87), 
(2.88) uniformly in s. Thus (2.92) applies to the corresponding operator 7~5n,£ 
defined by means of Kg,, that is, we have T^n.e '■ L^(dQ.) L^idQ.^) with bounds 
that are uniform on N and e. Then we proceed as in Case 2 of [HM, Appendix C] 
and write 

/ \Taa,sf\^ dcT = Y I \Taa,sf\^ dcr 
= yZ ,i ,.T^^ I I \Taa,Ef{x)\^ dcr{x)dcrN{x') 
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^ E ^777^/ / \Tdn,J{x)-Tsa,ef{x'fdcT{x)dcTN{x') 

+ [ \T0^1,sf(x)fdcTN{x), 

^ Jqj(N) 



= 1 + 11, 



where we have use the ADR property for both 5Q and dQ.N- To estimate // we use 
(2.91) and (2.92) appUed to Toa,E- 



II < 



[ \Taa,sf\^ dcTN < Cr,K [ \f\^ da. 
JdiiN Jen 



On the other hand, standaid Caldeion-Zygmund arguments that ai"e left to the in- 
terested reader give that (2.87) and (2.88) imply 

\T3a,sf{x) - Taasf{x)\ < Manfix), x e Qj, x' € Qj{N), 

where Mqci is the Hardy-Littlewood maximal operator on dQ. and the constants are 
uniform in e and N, and where we have used that «; e. Hence, 

/< / Maafixf dcr{x) = [ Meaf{xf dxT{x) < I \f{xfd(T{x). 

e,eD„(5n) ■'Qi •'^^ ■'^^ 

Gathering our estimates, we conclude that 

\TaciJ?d(T< I Ifl^dcT, 



Ida. Jasi 
where the implicit constants are independent of e and A'^, which gives at once that 
dQ. is UR. □ 

Remark 2.93. Gathering together this section with [HM, Appendix C] we conclude 
that do. is UR if and only if Q.^ is UR with uniform bounds for all N ^ 1: here 
we have shown the right-to-left implication and the converse argument is given in 
[HM, Appendix C]. 
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